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This paper  introduces the notions of age and essence of an infinite word w. Using these 
notions, the author  studies the set L of infinite non-repeti t ive words over {1, 2, 3}, and its proper  
subsets  L121, L121,323, L121,212, where words of L121 (L121,323;L121,212) do not contain 121 
(121,323; 121,212) as subwords. Motivated by the question 'How many essentially different non- 
repeti t ive words over {1,2,3} exist?'  the author  counts the equivalence classes of L, L121, 
L121,323, L121,212 under agreement  in a final segment,  agreement  in age, and in essence. 

1. I n t r o d u c t i o n  

A word w is non-repetitive if no two adjacent blocks in w are identical. For 
example, the word 'orange' is non-repetitive. On the other hand, the word 'banana '  
is repetitive, since 'an '  occurs next to itself in 'banana' .  Infinite non-repetitive words 
over S =  {1,2,3} have been used in mathematics  to construct various pathological 
objects. Notably, non-repetitive words figure in Adjan and Novikov's solution of 
the Burnside problem for groups [24]. Other applications of non-repetitive words 
have been to logic [6], to ordered sets [30] and to symbolic dynamics [23]. 

The existence of infinite non-repetitive words over finite alphabets has been 
known since the turn of the century [29]. More recently, questions concerning the 
existence of infinite words avoiding other pat terns have arisen [3, 14]. A non- 
repetitive word w is said to avoid p if there is no non-erasing substitution h such 
that  w = uh(p)v. If an w-word over s avoids p, we say that  p is avoidable on Y;. 
The problem of finding an algorithm to determine when a given p is avoidable on 
a given E remains open [3, 2] and is an active area of research [7, 26]. 

At least two distinct approaches to showing the existence of infinite words 
avoiding pat terns over finite alphabets have been taken. The standard way to show 
the existence of an infinite word avoiding some pat tern has been to construct such 
a word by the iteration of a suitably chosen substitution. For example, in [1], the 

Mathemat ics  Subject  Classification (1991): 68 Q, 03 C 

1 This work was supported by an NSERC operat ing grant. 

0209-9683/96/$6.00 @1996 Akad~rniai Kiadd, Budapest 



20 JAMES D. CURRIE 

substitution used is f o : S * ~  S*, given by 

f o ( 1 )  = 123, 

fo(2)  = 13, 

fo(3)  = 2. 

For all n E N, f~(1) is a non-repetitive word; moreover, since the first symbol in 

f0(1) is a 1, f~(1) is always a prefix of g + l ( 1 ) .  It  thus makes sense to define an 

infinite word f~(1)  having f~(1)  as an initial segment for each n. The word f~~ 
is an infinite non-repetitive word. 

A second approach to showing the existence of infinite non-repetitive words 
over {1,2, 3} is implicit in the work of Shelton and Soni [28] and has been generalized 
in [11]. In this approach, one studies the branching of the tree of finite words over 
alphabet E avoiding pat tern p. If this tree branches relatively frequently, then one 
can give a non-constructive proof of the existence of infinite words over E avoiding p. 

It  may be that  by combining these two approaches a general algorithm for 
determining when p is avoidable over E can be found. In the case where it is 'easy'  
to avoid p, so that  the tree of finite words over E avoiding p branches fi'equently, 
the approach of Shelton applies. On the other hand, in the case where the tree of 
finite words avoiding p branches infrequently, experience shows that  substitutions 
are easy to find. For example, in writing [8] the author found tha t  by imposing 
additional conditions on non-repetitive words one produces extremal  cases where 
w-words can only be produced by iterating specific substitutions. In this paper  we 
investigate this situation, trying to pin down the nature of these extremal  cases. 

Let L be the set of non-repetitive words of type w over S. Wha t  is the size of 
L? Clearly if w = u v  is a non-repetitive word of type w over S, then so is v whenever 
u is a finite prefix of w. Discarding the first letter of w, then the second, etc., gives 
a countable infinity of non-repetitive words; these words are all different because 
w is non-repetitive. In some sense however, these words are all the same. They all 
have a final segment in common. 

In [3] it is shown that  there are uncountably many non-repetitive words of type 
w over S, 'no two of which have a final segment in common. '  Here we may omit the 
last clause, and simply say that  there are uncountably many non-repetitive words 
of type w over S, since only countably many words of type w can have any given 
final segment. In [28] it is shown that  if u is a prefix of an infinite non-repetitive 
word over S, then u is a prefix of uncountably many non-repetitive words over S. 

We see then that  fixing the prefix of a non-repetitive word of type w does not 
significantly restrict the choice of word. Let us consider substitution f0 above. A 
study of f0 shows that  for y E S * ,  fo(v)  only contains 23 in the context 123=f0(1) ,  
and fo(v) only contains 32 in the context 321. Thus if v C S*, fo(v)  does not 
contain 121 or 323. If {a l , a2 , . . . , a k }  is a set of words, denote by Lal,a2 ..... a~ 
the sublanguage of L consisting of words not containing any of a l , a 2 , . . . , a k  as a 
subword. Thus f~(1)  E L12t,323- We show later that  if v E L121,a2a, then a final 

segment of v is of the form fo(u), where u E L121,323. By induction, for any n G N, 
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v has a final segment of the form f~(u)  for some uEL121,323. \u see tha t  in some 

sense there is 'only one'  word in L121,323, i,e, f~~ Thus restricting subwords of 
non-repeti t ive words can produce extremal cases. 

tn this paper  we explore in what  sense L121,a23 is 'rigid' ,  so tha t  in considering 
L121,323 we are forced to find f0- Al though L121,323 contains uncountab ly  many  
words, in some sense there is 'only one word'  in L121,323 ; there is only one word 
in essence, where the essence of a word v is the set of those finite subwords of 
v appearing in every final segment of v. We also show that  the more obvious 
equivalence relation between infinite words, tha t  of containing the same finite 
subwords, is too weak to characterize Lz21,323. 

R e m a r k  1.1. Our desire is to illustrate a general phenomenon connected with words 
avoiding patterns,  noticed during the writing of [8]. However, it turns  out tha t  our 
example L121,323 is related to a much-studied part icular  case in combinatorics on 

words, tha t  of irreducible words on 2 symbols. A word w is irreducible (or overlap- 
free) if we cannot  write w = aBBbc where b is the first letter of B. Irreducible words 
have been well-studied, and are characterized in [16, 27]. 

Irreducible words have been used in the s tudy of dynamical  systems. In such a 
setting, it is most  natural  to s tudy  two-way infinite sequences. Indeed, Thue  spent  
most  of his impor tan t  1912 paper considering two-way infinite sequences. While 
Thue also looks at one-way infinite sequences (our words of type  co), one must  be 
careful in a t t empt ing  to translate his results to words of type  co. For example, the 
following exercise, based on Thue 's  work, appears in [21, page 38]: 

'Wi th  the notat ions of Theorem 2.3.1: b is a square-free word such tha t  neither 
aba nor acbca is a factor of b,  if and only if 6(b) has no overlapping factor. (See 
Thue  1912.)' 

Here 6(a) = a, 6(b) = ab, ~(c) = abb. Unfortunately,  if b - cbc, then 6(b) = 
abbababb, which contains the overlap babab. In fact, one can find counter-examples 
to this exercise even where b is a one-way infinite word. However, the result of the 
exercise does hold when we look at two-way infinite words. 

A similar correspondence, essentially the inverse of 6, arises in the 'folklore' 
of non-repeti t ive words: We construct  a non-repeti t ive word over {0,1,2} in two 
stages. First we construct  an irreducible word over {0,1}. Let ~ = {ti}i>o be 

the co-word over {0,1} where ti is the sum modulo  2 of the digits of the binary 
representat ion of i. Thus, for example, t5 = 0 =_ 1 +  0 + 1 ( rood 2). Then  

t = 011010011001. . .  

which is the famous Thue-Morse sequence, and is irreducible. Now let s = {si}i>l 

be the sequence where si counts the number  of l ' s  between the i tj~ and ( i + l )  st 0's 
of t. Thus 

s = 210201. 

Wi th  this 'count ing map '  one almost gets a bijection from irreducible words over 
{0, 1} to non-repeti t ive words over {0,1,2} not containing 010 or 212. However, the 
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word 

is irreducible, but  corresponds to 

which contains 010. 

= Ot3t4ts. . .  

0 1 0 2 0 . . . ,  

The  smoothing  effect of infinity in Mathemat ics  is well-known; adding a point  
at infinity to the complex plane simplifies the theory considerably. Two-way infinite 
irreducible words have no boundary.  There exist uncountably  many  such words over 
{0,1}, but  they are equivalent with respect to their ages. On the other  hand, as 
regards ages there are uncountably  many one-way infinite irreducible words over 
{0,1}. The finite case is even messier. I t  is only very recently tha t  an efficient way 
of comput ing  the number  of irreducible words of a given length has been given [7]. 

Notwi ths tanding the foregoing, it is clear tha t  L121,323 is 'close' to the set of 

irreducible w-words over {0,1}. However, we are not simply s tudying  another  inter- 
esting proper ty  of irreducible words. To corroborate  this, we give in an appendix 
our analysis of L121,212, parallel to our analysis of L121,323. (The two-way infinite 

analog of L121,212 was studied in Thue 's  1912 paper  [29].) 

The author  thanks the anonymous referees for their helpful comments .  

2. N o t a t i o n  

Our notation follows the usual notation of automata theory. However, to make 
room for infinite words, we stretch definitions as necessary. Let ~ be a finite set. A 
word over E is a (finite or eountably infinite) sequence of elements of E. In the case 

that w is a countably infinite sequence of letters of E, we refer to w as an w-word. 
We refer to E as an alphabet, to its elements as letters. The set of all finite words 
over E is denoted by E*. We denote the set of w-words over E by E ~. We take 

a naive view of words as strings of letters (with the infinite ones running off the 

right-hand side of the page); thus the concatenation of two words w and v, written 
wv, is simply the string consisting of the letters of w followed by the letters of v. 
(This makes sense when w is a finite word, or if w is infinite and v is empty.) 

Say tha t  v is a subword of w if we can write w = uvz; u, v, z E E*. 

If  w = uv, then we say tha t  u is a prefix of w; v is a suffix of w. The empty 
word, denoted by ~, is the word with no letters in it. When  w is finite, denote by 
Iwl the length of w, equal to the number  of letters of w. 

Let E, T be alphabets.  A substitution h:  E*---~ T* is a funct ion generated by 
its values on E. Tha t  is, suppose w E E*, w = ala2. . .am;  a i E ~ for i = 1 to m. 
Then  h(w) = h(al )h(a2) . . ,  h(am). 

Let h : E* ~ E* be a subst i tut ion on E. We call h 2-onto if whenever a C E, 
and uE  E* is a non-repeti t ive word, lu l=2 ,  then u is a subword of hm(a) for some 
m e N .  We call h increasing if for some m e n  we have Ihm(u)l > Ih(u)l for all n e E .  
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A word w over a lphabe t  E is non-repetitive if we cannot  wr i te  w= x y y z ;  z, y, 
z E E*, y # e .  T h a t  is, w is non- repe t i t ive  if no subword of w appea r s  twice in a row 
in w. The  t e rm  square-free is also used for such words in the  l i t e ra ture .  

We say t ha t  two ca-words wi th  a common suffix agree in a final segment. 
Agreemen t  in a final segment  is an equivalence re la t ion  on words of t ype  ca, and  we 
can speak of equivalence classes, represen ta t ives  etc. 

Let  Wl,W2,w3,.. .  be a sequence of words, wi th  wi a p rope r  prefix of wi+ 1 for 
each i E N. We then  define v = lira wn to be t ha t  unique ca-word having  each wi as 

n "---~ OO 

a prefix. Note t h a t  if h: E* ~ E* is a subs t i tu t ion ,  and  for some a C E, a is a prefix 

of h(a), then  hi(a) is a prefix of hi+l(a) for each i E N .  In such a case, we define 
h ~ ( a ) =  l im hn(a). 

~---+ OO 

Let  w E E ~ be a word of type  ca. The  age of w is the  set of all f inite subwords  of 
w. We denote  the  age of w by Age w. (The not ion of the  age of an infini te  s t ruc tu re  
comes from m a t h e m a t i c a l  logic. See [9] for example . )  The  essence of w is the  set 
of all  finite subwords of w tha t  appea r  in w as subwords  inf ini tely often; thus  the  
essence of w is the  in tersec t ion  of the  ages of final segments  of w. We denote  the  
essence of w by Essw.  

We fix S = {1,2,3}. Let  L be the  set of non- repe t i t ive  subwords  over S. 
If  { a l , a 2 , . . . , a k }  is a set of words, denote  by Lal ,a2  ..... ak the  sub language  of L 

consis t ing of words not  conta in ing  any of al,a2, . . .  ,ak as a subword.  Thus  f ~ ( 1 )  E 

L121,323. 

3. R e s u l t s  

We have several  s t ruc tu ra l  not ions  for non- repe t i t ive  words: final segments ,  
age, essence. Each of these not ions gives us a different equivalence re la t ion  on 
words; two words may  agree in a final segment ,  have the  same age or essence. 
Which  of these not ions  cap tures  the  sense in which L is 'b igger  t h a n '  L121,3237 In 
this  pape r  we count  the  number  of equivalence classes of L, L121, L121,323, L121,212 
under  agreement  in a final segment ,  in age, and  in essence. The  resul ts  are t a b u l a t e d  
as follows: 

equivalence classes L L121 
wi th  respec t  to  

final segments  2 ~~ 2 ~ 

age 2 ~ 2 w 

essence 2 w 2 ~ 

L121,323 L121,212 

2 ~ 2 ~ 

2 ~ 2 ~ 

1 1 

To es tabl i sh  the  in format ion  in this  tab le ,  it  suffices (since L121,323, L121,212 C 
L121 C L) to  prove the following proposi t ions :  

Proposition 3.1. There are  uncountably many words in  L121,323. 
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Proposi t ion  3.2. There are uncountably many words in L121,323, no two of which 
have the same age. 

Propos i t ion  3.3. Let v, wELl21,323. Then E s s v = E s s w .  

Propos i t ion  3.4. There are uncountably many words with different ages in L121. 

Propos i t ion  3.5. Let v, wELl21,212. E s s v = E s s w .  

Propos i t ion  3.6. There are uncountably many words with different ages in L121,212. 

Proposi t ion 3.1 follows from results in [16, 21] via the correspondence between 
irreducible words and L121,13231 mentioned in the introduction.  Proofs of Propo-  
sitions 3.5, 3.6 are in the Appendix.  

4. P r o o f s  o f  P r o p o s i t i o n s  3 . 1 - 3 . 4  

In this section, f : S* --* S* will be the subst i tut ion given by 

fo(1) = 123 

f0(2) = 13 

f0(3) = 2. 

Lemma 4.1. Let v E S* be a non-repetitive word not containing 121 or 323 as 
a subword. Then fo(v) is non-repetitive, and does not contain 121 or 323 as a 
subword. Thus f~(1)  is non-repetitive, and does not contain 121 or 323. 

Proof.  See [8, 9, 29]. 1 

Lemma 4.2. Let v C S* be a non-empty non-repetitive word not containing 121 or 
323. Suppose tha t  w = 3 2 3 v  is a non-repetitive word. Then fo(w) is non-repetitive, 
and does not  contain 121 or 323, 

We saw in the introduct ion tha t  fo(w) can never contain 121 or 323, It  
remains to show tha t  fo(w) is non-repetit ive.  An  inspection of f0 shows tha t  if 
fo(323) =2132  is a subword of fo(u), then 323 is a subword of u. 

Now w is non-repeti t ive by hypothesis,  therefore v commences with a 1. (Oth- 
erwise w commences 3233 or 3232, and w is repetitive.) Thus  23v does not  con- 
ta in  121 or 323 (or else v would, contrary to assumption),  so tha t  f0(23v) is non- 
repetit ive by the previous lemma. Now suppose tha t  fo(w) is repetitive. We may 
thus write fo (w)=xxy  for some x,y in S* , x#~  . Both  f 0 ( 3 2 3 ) = 2 1 3 2  and x are 
prefixes of fo(w). We have two mutual ly  exclusive possibilities: 

Case 1. The  word 2132 is a prefix of x, and we can write x = 2132x ~. Then  
2 1 3 2 f 0 ( v ) -  fo(w)= xxy = 2132x'2132x'y,  and 2132 is a subword of fo(v). Thus  v 
contains 323, which is impossible. 
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Case 2. The word cc is a proper  prefix of 2132. This means tha t  the first letter of x 
must  occur twice in 2132, since fo (w)= 2 1 3 2 f 0 ( v ) = z x y .  Therefore we must  have 
z = 2 1 3 .  Then  fo(v) commences with 13, and v commences  with a 2, contradic t ing 
our earlier observation tha t  v must  commence with a 1. 

Since both  these eases are impossible, we conclude tha t  fo(w) is non-repeti t ive,  
as required. I 

Lemma 4.3. I f  w = u323v where ~, v E S*, % v r e, then fo(w) is repetitive. (In 
such a case, we say that w contains a 323 internally.) 

Proof.  If w is repetitive, then of course fo(w) is repetitive. Suppose tha t  w is non- 
repetitive. Then  323 must  be preceded and followed in w by 1's, so tha t  w contains 
13231. But  then fo(w) contains fo (13231)=12  321 321 23, which repeats  321. I 

P r o o f  of Propos i t ion  3.1. Consider the substi tut ions f0 : S* --+ S* and g0 : S* --+ S* 
given by 

f0(1)=123, 90(1)=2, 
f0(2)=13, 90(2)=31, 

f0(3)=2, 90(3)=321. 
One sees tha t  g0 is obtained from fo by interchanging the roles of I and 3. Note 

tha t  if v E S * ,  then fg(v) commences with a 1; tha t  is, we can write f g ( v ) = l w  for 
S o l n e  ~b'. 

Define substi tut ions #o : S* --~ S* and ~1 : S* -+ S* by ~to = f3  and #1 = f2ogo. 
The subst i tut ions fo and 9o are clearly 1-1. It follows tha t  if v E S*, then #o(v) 7 ~ 
tq(v) .  Let T = { 0 , 1 } .  Define 8 : T * - + S *  recursively by 

= 1 ,  

8(0v)  = i ,0(r  

4)(lv) = #1(r  

Thus  8(01) = #0(8(1)) =/20(//.1 (8@))) =/z0(/Zl (1)), for example. By L e m m a  4.1, 
(which will also hold true with go in place of fo) it follows tha t  if v E T*, then r  is 
a non-repeti t ive word in S*, not containing 121 or 323. We see tha t  if vET*,  then 
8(v) commences  with a 1. Write 8 ( v ) =  lz .  Let u=ulu2 . . .Um,U i E T for each i. 
Suppose w = uv. Then  8 (w) = Put (l'u2 (... pu~ (8(v) ) . . . )  =/*u~ (#u2 (..-P*~r~ (1X)).. .)  
which has #u~(#u2(.../Zum (1) . . . ) ) = 8 ( u )  as a prefix. We see then tha t  if ~,,vET*, 
and u is a prefix of v, then 8(u) is a prefix of 8(v). 

Thus  if V=VlV2. . .%. . .  is an w-word, with each vi ET,  then it makes sense to 
define 8(v) = limn--+ooS(vl v2... Vn). Also, since/~o(w) 7 ~ ILl(W) if w is a non-empty  
word in S*, and ~L0,/11 are 1-1, it follows by induct ion tha t  if u ,v  E T*, and u r v, 
then 8(u) r O(v). 

Let W be the set of w-words over T. It  follows tha t  V = {8(w) :w E W} is an 
uncountable  set of distinct non-repeti t ive words over S, not  containing 121 or 323. 
This establishes Proposi t ion 3.1. | 
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Proof  of  Proposit ion 3.2. If w is a non-repet i t ive  word over S* beginning with 123, 
write w =  123w ~. For such a w, let g l ( W ) = 3 2 3 w  t. 

Define maps  h0:  S* --+ S* and hi  : S* --+ S* by h0 = f05 and hi  = f~glf03. If 

v E S*, then ho(v )#  hi (v) ,  since ho(v) commences  with f02(1), while hi(v) s tar ts  

with f02(3), and f is 1-1. 

Again let T = { 0 , 1 }  and define r  recursively by 

r = 1, 
r = h0(r 
r  = h l ( r  

By Lemmas  4.1, 4.2, we see tha t  r  E L121,323 for all v E T*. Again, if u, 

v E T*, and u is a prefix of v, then r  is a prefix of r  and r can be extended 
to w-words. Also, since h o ( w ) C h l ( w )  if w is a non-empty  word in S*, it follows 
tha t  if u, vET* ,  and u # v ,  then r  

One other fact abou t  r is to be noted; earlier we remarked  t h a t  if fo(v) contains 

f0(323), then v contains 323. Suppose tha t  r = hulhu2. . .hu~f~ where ui E T for 

each i. If  •(v) contains %b(323), then v contains 323. This  can be es tabl ished by 
induction on k. 

Let  W be the set of w-words over T. Again we will have t ha t  V = {r :w E W} 
is an uncountable  set of distinct words in L121,323. Moreover,  each word in V has 
a different age. 

Let  u, v be w-words over T, u # v. We shall show tha t  one of r  and 
r  contains a subword not found in the other. Since u r v, suppose  they  first 

differ in the k + 1 st symbol.  Say wi thout  loss of general i ty t h a t  u = UlU2. . .uk0U l, 
v ---- UlU2...UklV I, where the ui,v i E T, ul,v I 6 T*. Let ~b = hulhu2 . . .huk. Then  

r  =%b(r and r 1 6 2  We claim tha t  ~p(f@(323)) is a subword of 

r  bu t  not of r  

Now r  %b(f2o(f3o(%(u')))). Since r  is non-repet i t ive ,  as noted  earlier, 

this means  tha t  f2(f3o(r ) is non-repeti t ive.  From L e m m a  2, it follows tha t  

fog(r does not contain a 323 internally. Of  course, f 3 ( r  begins with a ], 

and  thus does not  contain 323 as a subword a t  all. I t  follows t h a t  %b(f02(323)) is not 

a subword of r  On the other  hand,  r 1 6 2 1 6 2  has %0(f02(323)) 
as a prefix. We have thus demons t ra t ed  Propos i t ion  3.2. I 

Proof  of  Proposit ion 3.3. Suppose v E L121,323. A final segment  v ~ of v will 
commence  with a 1, and we can write v = lb l lb21b3 . . . lbn l . . ,  so t ha t  none of 
the bn contains a 1. W h a t  do the pieces lbn look like? The  non-repet i t ive  words 
s ta r t ing  with 1 and containing only a single 1 are 1, 12, 13, 123, 132, 1232, 1323. 
However,  v cannot  contain 11, 121 or 1323, so tha t  lbn must  be  ei ther  A = 13, 
B = 123, C =  132 or D = 1232. Since B D  and BA1 are repet i t ive,  B only appears  
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in v in the  contex t  BC. Also A C  and DC1 are repet i t ive ,  so C can occur  in v I only  
at  the  beginning,  or in the  context  BC. Thus  a final segment  of v is c onc a t e na t e d  

from the  pieces A, B C  and D. However, A=f (~ (3 ) ,  BC=f2o(I )  and D=f02(2 ) .  We 

conclude t ha t  a final segment  of v is of the  form f2o(W ) = f0 ( f0 (w) )  for some w E S*. 

As no ted  earl ier  in the  in t roduc t ion ,  fo(w) cannot  conta in  121 or 323. Also fo(w) 
is non-repe t i t ive ,  since v is. In summary ,  a final segment  of v is of the  form fo(v I) 

where  vtE L121,323. Induc t ion  gives the  following result :  

L e m m a  4.4. Let n E N be given. I f  v E L121,323, then a Anal segment of v is of the 

form f~(w) ,  where w E L121,323. 

L e m m a  4.5. Let v be an w-word over E. Let h be an increasing, 2-onto substitution 
on E. Let g : E* ~ T be an increasing substitution. Suppose that for each n E N there 
is an w-word w such that g( hn ( w ) ) is a final segment  of v. Then Essv  = E s s g ( h ~ ( 1 ) ) .  

Proof .  Suppose  tha t  the  condi t ions  of the  l e m m a  hold and t ha t  u E Essg(h~~ 
Pick  m E N. We show t h a t  u occurs as a subword of v at  least  m t imes .  Since 
u E Essg(h~~ pick n E N such tha t  u appears  as a subword  of g(hn(1)) at least  
m t imes.  Since h is 2-onto, pick k E N  so large t ha t  for any t r E E ,  1 is a subword of 

hk(cr). Thus u appea r s  a t  least  m t imes in hn+k(w) for any n o n - e m p t y  word w over 

E. By the condi t ions  of the  lemma,  for some w, word g(hn+k(w) will be a suffix 
of v. Thus u occurs as a subword of v at  least  m t imes.  Since m was a rb i t ra ry ,  
Es sg (h~(1 ) )  C Essv.  

Suppose  t ha t  u E Essv.  Pick n E N such t ha t  Ig(hn(a))t > lul whenever  a E E. 
This  is poss ible  since g,h are increasing. Since u E Essv,  we can find w such t ha t  
g(hn(w))  is a final segment  of v and u is a subword of g(hn(w)) .  In fact,  by our 
choice of n, u will be a subword of g(hn(y)) for some subword y of w wi th  lYl = 2. 
Since h is 2-onto, u will be a subword of g (hr (1) ) ,  some r E N. 
uE  Essg(hW(1)).  

Coro l l a ry  4.6. IfvEL121,323 then E s s f ~ ( 1 ) = E s s v .  

Proof .  We app ly  the  previous  l emma  with  g = h = f0. 

This  es tabl ishes  P ropos i t ion  3.3. 

I t  follows t h a t  

I 

P r o o f  of  P ropos i t i on  3.4. Consider  the word 

f4(1)  = f03(123) 

= f02(123132) 

= f0(123132123213) = 123132123213123132131232. 

This  word contains  a = 321232131 as a subword as indica ted .  Thus  f ~  (1) conta ins  

(~ as a subword inf ini tely often. Suppose  w is a word ar is ing f rom f ~ ( 1 )  by rep lac ing  
some occurrences  of a by the word ~ =32123213231232131.  



28 J A M E S  D. CURP~IE 

Remark  4.7. No prefix of a is a proper suffix of a.  Thus if ax=yc~ for non-empty  
words x ,y  then Ixl=lyl > la[. A similar remark holds true for/3. 

Remark  4.8. Neither f~~ nor /3  contains any of 22, 321321, 123123, 3131, 1313 
or 121 as a subword. One sees tha t  w cannot  contain any of these subwords either. 

Thus  if w=x321232132y,  some x,y  then the first letter of y must  be a 3. We 
can thus write w=x3212321323J .  Since 323 is not a subword of f~(1) ,  this means 

tha t  w = x/3J I, for some y//. Pu t  briefly, if /3 / is a prefix of /3  with I/3/I _> 9 then 

if w = x/3ty for some x,y,  then w = x/3J, some yr. A long prefix of /3  can only 
appear  in w as par t  of/3. 

Remark  4.9. If/3! is a prefix of/3 with [/3/I > 9, then if w =x/31y for some x, y, then 

w = x/3J, some yl. 

Suppose w=xo31232131y,  some xo,y. Since/3 and f~~ do not contain 33, 
neither does w. Thus the last letter of x0 is either a 2 or a 1. 

Case I. Write x0 = x 1 2 .  Then  w=x1231232131y.  By Remark  4.8, the last letter 
of xl  must  be a 3. Then  w=xr/3y, some x ~ with xl/3=Xo31232131. 

Case II .  Write x0 = Xl 1, and w = Xl131232131y.  By Remark  4.8, we can write 
Xl=X22,  and y = 2 y l .  Then  w=x221312321312y1.  Again by Remark  4.8, we can 
write Yl = 3y2, so tha t  w = x2213123213123y2, so tha t  w contains a repet i t ion of 
213123. 

Changing all/3's in w back to a ' s  removes this repetit ion, so an occurrence of 
/3 in w must  intersect somehow an occurrence of z -- 213123213123. An inspection 
of/3 shows this is impossible; /3 and z do not contain each other,  and no prefix of 
/3 is a suffix of z or vice versa. Thus the present case is impossible. 

R e m a r k  4.10. If  pl is a suffix of/3 with I/3/[ > 8, then if w = x/3/y for some x, y, then 

w=xl/3y, where x/3 / =xl/3. 

Lemma 4.11. Word w is non-repetitive. 

Proof.  Suppose tha t  w is repetitive. This means tha t  a finite prefix of w is 
repetitive, so tha t  replacing finitely many a ' s  in f~(1)  by/3 ' s  can cause a repetit ion. 
Let w be chosen such tha t  w contains the least possible occurrences of/3. Suppose 
tha t  w = x u u y ,  u r  Since replacing/3's  by ct's in w removes the repet i t ion uu, uu 
must  intersect some occurrence of/3. There are four possibilities: 
Case 1: Word uu is a subword of/3. 
Case 2: Word /3  overlaps word uu on the left. 
Case 3: Word fl overlaps uu on the right. 
Case 4: Word /3  is a subword of uu. 

We at tack these cases separately. 

Case 1. Word uu is a subword of/3. This is impossible, since/3 is non-repetit ive.  

Case 2. Word /3  overlaps uu on the left. Write/3=/31/3 I! such tha t  f l t lr  uu=/31~v 
and w =x/3"vy. If 1/311[ _< lul, then we can write u=u ' f l "  for some u' .  In any case, 
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IS'I < I~<, since uu is not a subword of ft. If lu] < lY'I < f~<, then let J '  = uc. 
Then  c is a proper  suffix of/3 which is a prefix of u. 

In all cases, a proper  suffix of/3 is a prefix of u. Renaming  if necessary, write 

Case 2(a). Ifl"[ <7 .  

In this case, ~/ / is  a suffix of c~. Therefore, uu=/3"u"u is a suffix of ctu"u, and 
w* = zc~u"uy contains the repeti t ion uu. This is impossible, as w* contains one 
fewer 3 than  w. 

Case 2(b). I/3"1>8, 
Note tha t  w = x~"u"J~u"y. By Remark  4.10, we can write w = xl/3u"~"u"y, 

and also w=x"~u"y, where zt~u" =xu and x"~u" =xuu 
If I "1 < Ix'91, then a proper prefix of/3 will be a suffix of/~. This is impossible 

by Remark  4.7. We may thus assume tha t  Ix'l[ >_ IJgl, so tha t  we can write 

w = xl/3u*~u"y, where u" = u 'u**.  However, this means tha t  w* = zlau*au"y = 
Sc~u*au*u**y is repetitive, but  contains two fewer/3's than  w, which is impossible. 

Case 3. We can write uu = v/3 t where /3 = 27//?, and w = xvJy .  Reasoning as 
in the previous case we can assume without  loss of generality tha t  u = u//3 / and 
w = zuul/3y. 

Case 3(a). I/3'1 <8 .  In this case w* =xuu'ay contains the subword uu, and one less 
/3 than  w. The reasoning is as in Case 2(a) above. 

Case 3(5). Ifl'] >9 .  Here we use Remark 4.9 to conclude tha t  w=xu'flu"u'/3u"y 1, 
some yl where u=u~/3u ". Then w* =xu*u**au**ay, is repetitive, an impossibility. 
The reasoning is as in Case 2(b) above. 

Case 4. uu=c,3d, some c, d. 

Case 4(a). Ic], ]d I < [u]. Then  u = c/3 / = Z"d and fl = /3 'Z  '/. But  ]/31 = 17, so either 

I J I  -> 9, which is dealt with as in Case 2(b), or I/3/'1 > 9, which is dealt  with as in 
Case 3(b). 

Case  4(b) .  Icl > i *l or Idi > T h e n  =  19 2, for s o m e  v ,v2, and = 
ZVl/3V2Vl~V2y. But then w* =xvlav2vlcev2y is repetitive, with fewer/3 's  than w. 

This completes our case by case analysis. In all cases, the assumpt ion tha t  w 
is repetit ive leads to a contradiction. Thus w is non-repetit ive,  as desired. | 

Combining this lemma with Remark 4.8, we see tha t  whenever w is obtained 
from f~~ (1) by replacing a ' s  with/3 's  we have w C L121. Here is a 1-1 correspondence 

between aJ-words w obtained in this way and the set of all a>words over T - - { 0 , 1 } :  
U oc Given w, let u = {  i}i=1 be the word where Hi = 1  exactly when the i th occurrence of 

a in f~(1)  is replaced by/3 in w. Thus u records the pa t te rn  by which a ' s  a l ternate  
with fl's in w. Thanks  to this correspondence, or rather,  its inverse, we can show 
there are uncountably  many  a>words in L121 with different ages by showing tha t  
there are uncountably  many  words in T ~~ with different ages. 
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V '  OO Let v E T ' , v = {  ~}i=1" Consider the map v:T~---sT ~ given by l)(V)-~--{uj}c~=l 
where uj = 1 exactly when for some k, v k -=- 1 and j -- 2 k-1 ( c o d  2k). For example, 

if vl  = 1 ,  then uj = l , j  odd. One verifies tha t  i f v ~ v ' ,  then v(v),~,(v') have different 
ages. There  are thus uncountably  many  words in T ~ with different ages. I t  follows 
tha t  there are uncountably  many words in L121 with different ages. 

This establishes Proposi t ion 3.4. I 

5. A p p e n d i x :  P r o o f s  o f  P r o p o s i t i o n s  3 . 5 - 3 . 6  

Let R = {a, b, c, d, e}. Let f l  : R* --* S*, f2 : R* --* R* be given by 

f 1 ( a ) = 1 2 3 ,  f2(a)=adcbebc, 

f l (b)  = 1232, f2(b) = adcbedc, 

f 1 ( c ) = 1 3 ,  f2(c)-=aebe, 

/ 1 ( d ) = 1 3 2 ,  f2(d)=aebedc,  

f l ( e ) = 1 3 2 3 ,  f2(e)=aebedcbebc. 

Lemma 5.1. Let w E L121,212. Then for every n E N a final segment of w is of the 
/Corm f l  (f~(Vn)), some ~-word Vn E R*. 

Proof.  Replacing w by a final segment if necessary, write 

w =  l w l l w 2 1 w 3 . . .  

where each wi E (2,3}*. Since the maximal  non-repeti t ive words over {2,3}* are 
232 and 323, we see tha t  for each i, we must  have lwi ~ {12,123,1232,13,132,1323}. 
In fact, we can exclude the possibility tha t  lwi-=-12, since in such a case lw i l  = 121 
would be a subword of w. Thus w = f l  (u), some u E R*. 

Various observations concerning possible subwords of u may be made.  For 
example, ab ~ Age u, or else f l  (ab)-= 123123 2 is a subword of w, which is impossible, 
since w is non-repetitive. Similarly, ea is not  a subword of u. Also, ba, daq~Ageu, 
or 212 appears in w. By arguments  of this sort one shows tha t  u can be walked on 
digraph D of Figure 1. 

We note tha t  five additional restrictions on subwords of u hold: 

1. No word of the form dzbza, z E R* can be a subword of u. Otherwise 
f l(dzbza) -- 1 32f l (z)12  32f1(z)12 3 is a subword of w. This is impossible, 
since 32f l (z)12  is repeated. 

2. No word of the form azezd, z E R* can be a subword of u. Otherwise 
f l (azezd) = 12 3f l (z)132 3f l (z)132 is a subword of w. This is impossible, 
since 3f l (z)132 is repeated. 
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3. No word of the form ezcz ,  z E R* can be a subword of u. Otherwise f l  ( e z c z ) l  = 

132 3 f l ( z ) l  3 f l ( z ) l  is a subword of w. This is impossible, since 3 f l ( z ) l  is 
repeated. 

4. No word of the form zazb~z E R* can be a subword of u. Otherwise f l  (zazb)  = 
f l (z)12 f ] ( z ) ]2  3 is a subword of w. This is impossible, since f ] ( z ) ]2  is 
repeated. 

5. No word of the form zdzc ,  z C R* can be a subword of u. Otherwise f l  ( z d z e ) =  
f l(z)132 f1(z)132 3 is a subword of w. This is impossible, since f l (z)132 is 
repeated. 

�9 * e b  

�9 a 

Fig. 1. Transi t ion  d igraph  D 

Replacing u by a final segment if necessary, suppose that  u begins with an a. 
Then u =  a u l a u 2 a u 3 . . ,  where ui C {b,e ,d ,e}*.  Keeping in mind tha t  aui must be 
non-repetitive for each i, and also our five other restrictions on subwords of u, we 
restrict the possible values of au i to those enumerated in Figure 2. 

a 

aebe 

aebed 

aebedc 

aebedcb 

aebedcbe 

aebedcbed 

Fig. P. Cand ida t e  values for the  au i 
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Reference to Figure 1 reminds us tha t  au i must  always have a c as its last 
letter. The possible values of aui are thus among the following: 

adc**, adcbc*, adcbebc, adcbedc, adcbedebc*, aebc, aebede, aebedcbc*, aebedcbebc. 

Here the singly-starred words are ruled out,  since if az i has one of these values, 
then u contains subword azia, which has dcbca as a suffix. This is impossible since 
dcbca is of the form dzbza. The doubly-starred word adc cannot  appear  twice in 
u, since otherwise if azi = adc, then caziad = cad cad or caziae = cad cae will be a 
subword of u. Clearly cadcad is repetitive, while cadcae is outlawed by restr ict ion 5 
on subwords of u. 

We may thus write u = f2 (vl), some vl G R*. Clearly Vl must  be non-repeti t ive.  
We show tha t  a final segment of Vl can be walked on digraph D of Figure 1, and 
tha t  restrictions 1-5 on subwords hold for a final segment of vl. Our result will 
follow by the obvious induction. 

Let us verify tha t  a final segment of Vl can be walked on digraph D of 
Figure 1. First, cd ~ Age Vl, since otherwise c f2 (c) f2 (d) = caeb caeb G Age u, which 
is impossible. Similarly, ce, de ~ Agevl .  Also, if ea C Agevl ,  then f2(ea)a = 
aebe dcbebca dcbebca C Ageu,  which is impossible. Similarly, ac, ee ~ Agevl .  If  
da E Age vl,  then f2 (da) = aebeb dc adc b ebc C Age u, which contradicts  restriction 1 
on subwords of u. Similarly, ba, db ~ Agevl .  It  now follows tha t  bd ~ Agevl .  
Otherwise, since da, db ~ Agevl ,  we have f2(bd)ae = a d c  bedcae bedcae C Ageu,  
which is impossible. Finally, since ba, da, ca~Agevl ,  if ab is a subword of vl more 
than  once, then so is cab. Then f2(cab) = ae bcadcbe bcadcbe dc E Ageu.  This is 
impossible. Since none of ab, ac,,ba, bd, cd, ce, da, db, de, ea, ec can appear  in Vl 
more than  once, a final segment of Vl can be walked on digraph D of Figure 1. 

To finish our proof we verify tha t  our other 5 restrictions on subwords hold 
for Vl: 

1. No word of the form dzbza,z E R* can be a subword of vl. Otherwise 
f2 (dzbza) = aebe dcf2 (z)adcbe dcf2 (z)adcbe bc is a subword of u. 

2. No word of the form ezcz, z E R* can be a subword of vl. Otherwise f2 (ezcz) a = 
aebedcbebcf2(z)aebcf2(z)a is a subword of u. 

3. No word of the form zazb, z E R* can be a subword of vl.  Otherwise 
bcf2 (zazb) = bcf2 (z)adcbe bcf2 (z)adcbe dc is a subword of u. 

4. No word of the form zdze, zER* can be a subword o fv l .  Otherwise f2(zdze) = 
f2(z)aebedcf2(z)aebedcbebc is a subword of u. 

5. No word of the form zdze, z C R* can be a subword of u. Otherwise f2(zdze)= 
f2(z)aebedc f2(z)aebedc bebc is a subword of w. This is impossible, since 
f2(z)aebede is repeated. I 

P r o o f  of  Proposi t ion  3.5. Combine the previous lemma with the proof  of 
Lemma 4.5, with g = f l ,  h = f2, and appropriate  changes of alphabet .  I 

Let f : A* --* B* be a substi tution. Suppose tha t  in any solution of 

x" f (b l ) f (b2 ) . . ,  f(bm)y' = y" f ( c l ) f ( c 2 ) . . ,  f (cr)z ' ,  
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f ( x )  = x' x" ,  f ( y )  = y 'y",  f ( z )  = z ' z  '1, x"  r c, y" r c, z"  r c 

bl, b2, . . . ,  bin, cl, c2, . . . ,  Cr, x, y, z E A 

we have x H = y ' , y t = z ~ , m = r  and b i = c  i for i = 1  to m. In this  case we say t h a t  f 
satisfies the  line-up condition. Both  f l  and f2 sat isfy the  l ine-up condi t ion .  

Lemma 5.2. L e t  f : A* ~ t3" be a substi tut ion which satisfies the line-up condition. 
Le t  uC A*. Suppose that  f ( u )  is repetitive. Then either 

1. f ( v )  is repeti t ive for some subword v o f  u with Ivt <_ 2 or 

2. a subword of  u has the form x w y w z ,  some x , y , z  C A, some w C A* where 
f ( x y z )  is repetitive. 

Proof .  Wr i t e  f ( u )  = abbe, b r ~. If bb is a subword of f ( v ) ,  some subword  v of 
u, Ivl _< 2, then  we are done. Otherwise  we can wri te  

b = x l ' f ( b l ) f ( b 2 ) . . ,  f ( bm)y '  = y ' f ( c l ) f ( c 2 ) . . ,  f ( c r ) z '  

f ( x )  = x 'x" ,  f ( y )  = J y ' ,  f ( z )  = z ' z ' ;  x"  r c, y"  ~ c, z"  r c 

some bl, b2, . . . ,  bin, Cl, c2, . . . ,  cr, x, y, z C A 

where x b l . . . b m y c l . . . e n z  is a subword of u. Let  w = blb2. . .bm.  By the  l ine-up 
condi t ion ,  x b l . . . b m y c l . . . c n z  = x w y w z .  Also, x ' =  y' ,y~ = z t, so t h a t  f ( x y z )  = 

xt xll y~ y~r zl zl~= x ~ S y  t S y ~ z ~ and is repet i t ive .  I 

Coro l l a ry  5.3. Let  f : A* --* B* be a substi tut ion which satisfies tile line-up condi- 
tion. Let  uE  A*. Suppose that 

1. f ( v )  is non-repeti t ive whenever v is a two letter subword o f  u and 

2. i f  x y z  is a three Ietter word over A such that f ( x y z )  is repetit ive,  then no 
subword o f  the form x w y w z ,  some w E A* appears in u. 

Then f ( u )  is non-repetitive. 

R e m a r k  5.4. If  xy z  is a repe t i t ive  three  le t te r  word then  x = y or y = x. If  x = y 
then  x w y w z  = xw  xw  z is repet i t ive .  Similarly,  if y = z, then  x w y w z  is repe t i t ive .  
We thus  have the  following corollary. 

Coro l l a ry  5.5. Let  f : A* ~ t3" be a subst i tut ion which satisfies the line-up condi- 
tion. Let  u c A *  be non-repetitive. Suppose that  

1. f ( v )  is non-repeti t ive whenever v is a two letter subword o f  u and 

2. i f  x y z  is a non-repeti t ive three letter word over A such that  f ( x y z )  is repetitive, 
then no subword of the form x w y w z ,  some w E A* appears in u. 

Then f ( u )  is non-repetitive. 

Proof .  If xy z  is a r epe t i t ive  three  le t te r  word then  by the  above r e m a r k  x w y w z  
cannot  be a subword of u, which is non-repet i t ive ,  l 
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f l  f2 
cab, ea- 

dba 
ac-, ec-, -cd, -ce 

bd-, -de 
aec~ aed~ ted 

cab, ea- 
dba 

ac-, ec-, -cd,-ce 

bda, bde 
aed 

Table. 3. Non-repetitive triples xyz  such that f l ( x y z ) , f 2 ( x y z )  is repetitive 

We plan to apply Corollary 5.5 with f = f l  (with f = f2). As a preliminary, 
we list the non-repeti t ive triples xyz over {a, b, c, d, e} where f = fl(xYz) (where 
f2(xyz)) is repetitive. 

Here the inclusion of ae-  for f l  signifies tha t  f l  (aez) is repeti t ive for any z C R. 
One sees tha t  the triples listed for f2 form a subset of those listed for f ] .  

Remark 5.8. For f = fl or f~, the condition that u can be walked on digraph D of 
Figure 1 is stronger than condition 1 of Corollary 5.5. 

Lemma 5.7. If  n is a non-negative integer then f l( f~(a)) is non-repetitive, and 
does not contain 121 or 212 as a subword. 

Proof.  We use induction. The result is true for n = 0  since f l ( f ~  123. 

One verifies tha t  fl(f2(v)) will never contain 121 or 212 as a subword for any 
v C R*. I t  is also clear tha t  f~(a) can be walked on digraph D of Figure 1 for 
each non-negative n. Our result will thus follow by application of Corol lary 5.5 
if we can verify tha t  f~(a) never contains a word of form xwywz for any of 
the triples xyz listed for f l  in Table 3. Suppose then tha t  n is least such tha t  
f~(a) contains a word of form xwywz for some triple xyz listed for f l  in Table 3. 

It  follows from Corollary 5.5 tha t  n -1  f2 (a) is non-repetitive. For u E R define 

N(u) = {v :  uv is a directed edge of D},N- (u )  = {v :  vu is a directed edge of D}. 
We now rule out the problem triples one by one: 

Triples cab, ac- 
Suppose tha t  cuaub is a subword of f~(a). Since b ~ N ( a ) , u  r s. The  first 

letter of u must  be in N(c) N N(a) = r which is impossible. Thus  f~(a) has no 

subword of form cuaub. Similarly, suppose tha t  aucu- is a subword of f~(a). Since 

cr N(a) ,u#s .  The first letter of u must  again be in N(c)NN(a). 

Triple -cd 
Suppose tha t  ucud is a subword of  f~(a). Since d q~ N(c) ,u#  E. The  last letter 

of u must  be in N - ( c ) n N - ( d ) = r  which is impossible. 

Triple dba 
Suppose that  dubua is a subword of f~(a). Since b ~ N(d),u # ~. The 

first letter of u must be in N(d) AN(b) = {c}. The last letter of u must  be in 
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N - ( b )  A N - ( a )  = {c}. This means dubua = dcu 'cbcu 'ca .  However, then f ~ ( a )  

contains a subword ebc. Perusal of the definition of f2 shows this to be impossible, 

Triple ec- 

Suppose that  e u c u  is a subword of f ~ ( a ) .  Since c ~ I V ( r ) , u r  The first letter 

of u must be in N ( e ) n N ( c ) =  {b}. Since cbc cannot be a subword of f~(a) ,  the 

second letter of u is in N ( b )  - {c} = {e}. Thus eucu = ebeu'cbeu' .  Examinat ion of 
the definition of f2 shows that  ebe only appears in f ~ ( a )  in the context aebedc. 

Therefore eucu  = ebedmt 'ebedcu" .  However, cbedc only appears in f ~ ( a )  in the 

context adcbedca. Thus eucu  = ebedcaum adcbedcaum ad. Finally, ebedca only 
appears in f ~ ( a )  in the context f z ( d )a .  Thus our assumption that  eucu  is in f ~ ( a )  

implies that  aeucu  = aebedcau'"  adcbedcau mad  = f2 ( d) f (u*)f2 (b)f2 ('u*)ad appears 
in f ~ ( a ) .  

Since ad only appears in f ~ ( a )  as a prefix of f2(a) or f2(b) ,  we see that  f ~ - l ( a )  

contains a subword du*bu*a or du*bu*b. The first possibility is ruled out by the 

minimality of n, the second because f ~ - l ( a )  is non-repetitive. 

The foregoing argument can be recorded in an abbreviated form if we use the 
notation 

2 2 . . . y . . . Z  =:~ 3932*...Z*yX*...Z*Z 

to abbreviate 'The existence of a subword of the form x u y u z  in f ~ ( a )  implies the 

existence of a subword of the form x x * u * z * y x * u * z * z  in f ~ ( a ) ' .  The argument is 
then 

e . . . e . . .  = > e b e . . . e b e . . .  

: : ~ e b e d c . . . c b e d c . . .  

~ e b e d c a . . . a d c b e d c a . . . a d  

~ a e b e d c a . . . a d c b e d c a . . . a d  

f 2 ( d ) . . . f 2 ( b ) . . . f 2 ( a )  or f 2 ( d ) . . . f 2 ( b ) . . . f 2 ( b ) .  

For the sake of brevity the rest of our case arguments will be outlined in this way. 

Triple aed, aec 

Here 

a . . . e . . . ~ adc .  . . edc .  . . 

~ a d c b e . . . e d c b e . . .  

adcbebc . . . aebedcbebc. . . aeb 

= ~ f 2 ( a ) . . . f 2 ( e ) . . . f 2 ( e )  or f 2 ( a ) . . . f 2 ( e ) . . . f 2 ( d )  

or f 2 ( a ) . . . f 2 ( e ) . . . f 2 ( e ) .  
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Triple c e d  

Here 

Triple - c e  

Here 

Triple c a -  

Here 

c . . . e . . . d : : ~ c . . . a e . . . a d  

c b  . . . a e b  . . . a d  

c b e  . . . a e b e  . . . a d  

c b e d  . . . a e b e d .  . . a d  

~ c b e d c a . . . a e b e d c a . . . a d  

~ a d c b e d c a . . . a e b e d c a . . . a d  

~ f 2 ( b ) . . . f 2 ( d )  . . . .  

. . . c . . . e  . . . b c . . . b e  

=:~ . . . e b c . . . e b e  

=~ . . . a e b c . . . a e b e  

�9 . . f 2 ( c ) . . . f 2 ( d )  or . . . f 2 ( c ) . . . f 2 ( e ) .  

e . . . a . . .  ~ e d .  . . a d . . .  

e d c . . . a d c . . .  

e d c b  . . . a d c b  . . . 

e d c b e b e . . ,  a d e b e b e . . .  

==~ f 2 ( e ) . . . f 2 ( a ) . . .  
/ 2 ( e ) . . .  f 2 ( e ) f 2 ( a ) . . ,  f2(c) 
since N - ( a )  = {c}. 

Thus e u * a u *  appears in f ~ - I  ( a ) ,  which is impossible. 

Triple - d e  

What could be the identity of the letter ' - ' ?  Triple a d e  is impossible, since 
N ( a )  A N ( d )  = r Similarly we can rule out e d e ,  e d e .  On the other hand, d d e  is 
repetitive. Thus we need only eliminate the possibility of b d e  : 

b . . . d . . . e  ~ b . . . a d . . . a e  

b c  . . . a d c  . . . a e  

e b c  . . . a d e  . . . a e  

e b c b e . . ,  a d c b e . . ,  a e .  

However, then e e b c  appears in f ~ ( a ) ,  which is impossible. 

Triple b d -  

What could be the identity of the letter ' - ' ?  By the previous case we cannot 
have b d e .  Triple b d a  is impossible, since N - ( d ) A N - ( a ) =  r Similarly we can rule 
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out bdc. On the other hand, 
possibility of bdb : 

b . . . d . . . b  

bdd is repetitive. Thus  we need only eliminate the 

b c . . . d c . . . b  
b c . . . e d c . . . e b  
b c . . . b e d c . . . b e b  
bc . . . dcbedc . . . dcbeb  
bc . . . adcbedc . . . adcbeb  
bca . . . adcbedca . . . adcbeb  

f 2 ( z ) . . ,  f 2 (b ) . . ,  f2(a) or f 2 ( z ) . . ,  f 2 ( b ) . . . / 2 ( b )  
where z C {a ,c ,e}  

f 2 ( a ) . . . f 2 ( b ) . . . f 2 ( a )  
since N(e) n N(b) = N(e) n N(b) = , .  

It  follows tha t  a word aubua is found in f ~ - l ( a ) .  However, 

a . . . a . . . a  ~ a e . . . c b e . . . c a  
a e . . .  edcbe . . ,  edca 
aebc . . ,  aebedcbebc.. ,  aebedca 

==~ f 2 ( c ) . . . f 2 ( e ) . . . f 2 ( d )  
which is impossible. 

Let R = { f 2 ( a ) v : v E R * } .  Define g2:/~--*R* by 

g2(adcbebcv) = abcv. 

Lemma 5.8. Let  n C N. Then g2( f~(a) )  is non-repeti t ive and contains no x u y u z  

such that  f l ( x y z )  is repetitive. 

Proof.  Write f~ (a )  = adcbebcv. Then g2( f~(a) )  = abcv. Since bcv is a subword 

of f~ (a ) ,  word bcv is non-repeti t ive and contains no x u y u z  such tha t  f l ( x y z )  is 
repetitive. Suppose abev = a/3flT,/3 r ~. Then  a = c, since bcv is non-repetit ive.  If  
Ifl] = 1, then b = c, which is absurd. Suppose tha t  I/3] > 1. Then  ab is a subword of 
/3. Then ab appears in abcv twice, hence in bcv. This is a contradict ion,  since bey 
is a subword of f~ (a ) ,  which contains no ab. 

Suppose tha t  abcv contains a subword x u y u z  such tha t  f l ( x Y z )  is repetitive. 
In this case we can in fact write a b c v - - x u y u z T ,  some 7, since x u y u z  cannot  be a 
subword of bey. Thus x =-a or ' - '  (in the notat ion of Table 3). Referring to Table 3, 
we see tha t  the triple x y z  is one of a c - ,  aec or aed. We eliminate these possibilities 
in two steps: 

Triple ac- 

Here 

a . . . c . . .  ~ a b . . . c b . . . c a  

since our word commences abe 

a b e . . . c b c . . .  
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This is impossible, since ebc is never a subword of f~(a). 

Triple aec, aed 
Here 

a . . . e . . .  abc. . .ebc . . .  
since our word commences abc 
abc. . .ebe . . .  

=~ abcf2(d). . .ebef2(d)ebc.. .  
since f~(a) must  commence f2(ad). 
abcf2(d).. ,  f2(a)f2(d) . . ,  or abcf2(d).. ,  f2(e) f2(d) . . .  
since N - ( d )  = {a, e}. 

Replacing abc by f2(a),  it follows tha t  in f~ (a ) ,  we have either f ( a ) f ( u ) f ( a ) f ( u ) ,  
some u, or f (a ) f (u ) f ( e ) f (u ) .  The first of these implies a repeti t ion in f~ (a ) ,  which 
is impossible, while the second case was shown impossible in the section of the proof  
of Lemma 4.11, dealing with triples aed, aec. | 

^ 

P r o o f  of  Propos i t ion  3.6. Let L121,212 be the set of non-repeti t ive words over R, 

walkable on D, and never containing xuyuz for any triple xyz where f l ( xyz )  is 
repetitive. Using the construct ion of the proof of Proposi t ion 3.2 with g2 for gl,  f2 

^ 

for fo, one shows tha t  there are uncountably  many  words in L121,212 with different 

ages. However, if u,v C ]-121,212 have different ages, then so do f l ( u ) , f l ( v )  E 
L121,212. | 
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